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Abstrat
The lassial ounterpart of nonommutative quantum mehanis is a onstrained system on-
taining only seond lass onstraints. The embedding proedure formulated by Batalin, Fradkin
and Tyutin (BFT) enables one to transform this system into an Abelian gauge theory exhibiting
only rst lass onstraints. The appropriateness of the BFT embedding, as implemented in this
work, is veried by showing that there exists a one to one mapping linking the seond lass model
with the gauge invariant setor of the gauge theory. As is known, the funtional quantization of
a gauge theory alls for the elimination of its gauge freedom. Then, we have at our disposal an
innite set of alternative desriptions for nonommutative quantum mehanis, one for eah gauge.
We study the relevant features of this innite set of orrespondenes. The funtional quantization
of the gauge theory is expliitly performed for two gauges and the results ompared with that orre-
sponding to the seond lass system. Within the operator framework the gauge theory is quantized
by using Dira's method.
∗
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I. INTRODUCTION
We shall be onerned here with quantum systems whose dynamis is desribed by a
self-adjoint Hamiltonian operator Hˆ(Qˆ, Pˆ ) made up of the Cartesian oordinate operators
Qˆj , j = 1, . . . , N and their anonially onjugate momenta Pˆj, j = 1, . . . , N . However, unlike
the usual ase, oordinates and momenta operators are supposed to obey the non-anonial
equal-time ommutation rules
[
Qˆl, Qˆj
]
= −2i~θlj , (1.1a)[
Qˆl, Pˆj
]
= i ~ δlj , (1.1b)[
Pˆl, Pˆj
]
= 0 . (1.1)
The distintive feature is that the oordinate operators do not ommute among themselves.
The lak of non-ommutativity of the oordinates is parameterized by the real antisymmetri
N × N onstant matrix ‖θ‖. In Refs.[1, 2, 3, 4, 5℄ one nds spei examples of nonom-
mutative systems whose quantization has been arried out. The onditions for the existene
of the Born series and unitarity were investigated in Ref.[6℄ while a general overview of the
onnetion linking nonommutative theories with onstrained systems was presented in [7℄.
As for the uniqueness of the funtional desription, when using the time-slie denition for
the phase spae path integral, it was established in Ref.[8℄.
The lassial ounterpart of a quantum system involving non-ommuting oordinates
must neessarily be a onstrained system [9℄. Indeed, the equal time algebra in Eq.(1.1a)
ould not have been abstrated from a Poisson braket algebra, simply beause the Poisson
braket of two oordinates vanishes. Now, the problem of nding a onstrained system
mapping onto the nonommutative theory speied in (1.1) has already been solved [16℄.
Its lassial dynamis is desribed by the Lagrangian [17℄
L = a vj q˙
j − h0(q
j , avj) + a
2 v˙i θij v
j , (1.2)
where repeated Latin indies sum from 1 to N . The onstraint struture of this system
redues to the primary seond-lass onstraints
2
Gi ≡ pi − a vi ≈ 0 , (1.3a)
Ti ≡ πi − a
2 θijv
j ≈ 0 , (1.3b)
where pi (πi) is the momentum anonially onjugate to the generalized oordinate q
i
(vi)
and the sign of weak equality (≈) is being used in the sense of Dira [10℄. As for the anonial
Hamiltonian one nds that
H(0)(q, p) = h0(q, p) . (1.4)
We shall substantiate in the next setion the fat that the equal-time algebra in Eq.(1.1) is,
in fat, the quantum ounterpart of the Dira braket algebra arising in onnetion with the
model speied in Eq.(1.2).
Now, it is known that by appropriately enlarging the phase spae of a seond lass theory
one obtains a rst lass one (a gauge theory). Then, the formulation of the resulting gauge
theory in dierent gauges yields dierent realizations of the initial seond lass model. In
Setion II we display and disuss the results arising from applying the embedding proedure
of Batalin, Fradkin and Tyutin (BFT) [18, 19, 20℄ to the seond lass system that gives
origin to nonommutative quantum mehanis, namely, the one speied by the Lagrangian
in Eq.(1.2). The result is an Abelian gauge theory whose gauge invariant setor maps
isomorphially onto the seond lass model. This is shown in Setion III. Setion IV is
dediated to formulate the phase spae funtional quantization of the seond and rst lass
theories. The gauge theory is quantized in dierent gauges and the results ompared with
those obtained for the seond lass one. In setion V we use the method put forward by
Dira [10℄ to implement the operator quantization of the BFT extension of nonommutative
quantum mehanis. The outomes from this proedure will be shown to be in agreement
with the results obtained from the operator quantization of the initial seond lass model.
Setion VI ontains the onlusions.
II. BFT EMBEDDING
Our estrategy follows losely that in Refs.[18, 19, 20, 21℄. We start by ompatifying the
notation as follows
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qµ ≡

 q
j , 1 ≤ µ ≤ N
vj , N + 1 ≤ µ ≤ 2N
, (2.1)
pµ ≡

 pj , 1 ≤ µ ≤ Nπj , N + 1 ≤ µ ≤ 2N . (2.2)
Clearly, pµ is the momentum anonially onjugate to the oordinate q
µ
obeying the anon-
ial Poisson braket (PB) algebra [qµ , pν ]PB = δ
µ
ν .
We introdue, in the sequel, the singular 2N × 2N matrix
||Θ|| ≡

 0N agµ , ν−N
0N a
2θµ−N ,ν−N

 , (2.3)
where repeated Greek indies sum from 1 to 2N and gµν designates the Eulidean metri of
the 2N dimensional spae. One an verify that
T (0)µ ≡ pµ −Θµνq
ν =


Gi, 1 ≤ µ ≤ N
Ti, N + 1 ≤ µ ≤ 2N
. (2.4)
Hene, the elements (∆µν) of the antisymmetri non-singular Faddeev-Popov matrix (‖∆‖)
are found to read
∆µν ≡ [T
(0)
µ , T
(0)
ν ]PB = Θνµ −Θµν = −∆νµ (2.5)
or, more expliitly,
‖∆‖ =

 0N −agµ , ν−N
agµ−N , ν −2a2θµ−N , ν−N

 . (2.6)
We have already at hand all the ingredients needed for omputing the basi Dira brakets
(DB). We skip the details and quote
[qµ, qν]DB = (∆
−1)µν =⇒


[qi, qj]DB = −2θ
ij
[qi, vj]DB =
1
a
gij
[vi, vj]DB = 0
, (2.7)
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[qµ, pν ]DB = δ
µ
ν + (∆
−1)µαΘαν =⇒


[qi, pj]DB = δ
i
j
[qi, πj]DB = −aθ
ij
[vi, pj]DB = 0
[vi, πj ]DB = 0
, (2.8)
[pµ, pν ]DB = Θαµ(∆
−1)αβΘβν = 0 =⇒


[pi, pj ]DB = 0
[pi, πj ]DB = 0
[πi, πj]DB = 0
, (2.9)
where
‖∆‖−1 =

 −2θµ , ν 1agµ , ν−N
− 1
a
gµ−N , ν 0N

 . (2.10)
Within the DB algebra the onstraints hold as strong identities and may be used, for
instane, to eliminate from the game the setor of the phase spae spanned by the variables
v and π. As for any two funtions of the remaining variables, f(q, p) and g(q, p) say, the
orrespondene rule
[Fˆ , Gˆ] = i ~ [f , g]DB
∣∣∣∣
q → Qˆ
p→ Pˆ
(2.11)
provides us with a faithful quantization proedure. As usual, a supplementary ordering pre-
sription may be needed. We emphasize that this rule, together with Eqs.(2.7)-(2.9), allows
for reovering the equal-time ommutator algebra in Eq.(1.1) and, therefore, onrms the
assertion made in Setion I about the Lagrangian in Eq.(1.2) being the lassial ounterpart
of nonommutative quantum mehanis.
The rst step towards the BFT embedding of the seond lass system under srutiny
onsists in enlarging the original phase spae by adding 2N new oordinates (uµ) and their
orresponding anonially onjugate momenta (sµ) [22℄. The quantities of interest are,
nevertheless, the omposite variables
zµ ≡ −
1
2
uµ + ωµνsν , (2.12)
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where ωµν is a 2N × 2N real onstant matrix whih, so far, remains at our disposal. Sine
[uµ , sν ]PBΛ = δ
µ
ν one obtains [23℄
[zµ , zν ]PBΛ = (∆
−1)µν , (2.13)
where we have hosen, one and for all,
ωµν ≡ (∆−1)µν . (2.14)
We shall seek next for extensions of the onstraints, T (0)µ (q, p) → Tµ(q, p, z), and of the
Hamiltonian, H(0)(q, p) = h0(q, p)→H(q, p, z), verifying the strong involution algebra
[Tµ(q, p, z) , Tν(q, p, z)]PBΓ = 0 , (2.15a)
[Tµ(q, p, z) , H(q, p, z)]PBΓ = 0 , (2.15b)
and the boundary onditions Tµ(q, p, z = 0) = T
(0)
µ (q, p), H(q, p, z = 0) = H(0)(q, p). By
denition, Eqs.(2.15) speify an Abelian gauge theory [24℄. In partiular, we are interested
in extensions of the form [18, 19, 20, 21℄
Tµ(q, p, z) = T
(0)
µ (q, p) +
+∞∑
M=1
T (M)µ (q, p, z) , (2.16a)
H(q, p, z) = H(0)(q, p) +
+∞∑
M=1
H(M)(q, p, z) , (2.16b)
where
T (M)µ (q, p, z) = X
(M)
µα1...αM
(q, p) zα1 ...zαM , (2.17)
and
H(M)(q, p, z) = Y (M)α1...αM (q, p) z
α1 ...zαM . (2.18)
The problem onsists, of ourse, in determining X and Y .
We onentrate rst on Eq.(2.15a). By substituting Eq.(2.17) and Eq.(2.16a) into
Eq.(2.15a) and, then, isolating the terms of order z0 one obtains
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∆µν + X
(1)
µα (∆
−1)αβ X
(1)
νβ = 0 , (2.19)
where we have taken into aount Eq.(2.5). It is lear that
X(1)µν = ∆µν = −∆νµ (2.20)
solves Eq.(2.19). The relevant point to be notied in onnetion with this solution is that
X
(1)
µν does not depend on q and/or p. This implies that
[T (0)µ (q, p) , T
(1)
ν (q, p, z)]PBΣ = 0 , (2.21)
whih in ombination with the symmetry assumptions
X(M)µα1...αj ...αk...αM (q, p) = +X
(M)
µα1...αk ...αj ...αM
(q, p) , (2.22a)
X(M)µα1...αj ...αk...αM (q, p) = −X
(M)
αjα1...µ...αk...αM
(q, p) , ∀ αj , (2.22b)
yields
X(M)µα1...αj ...αk ...αM (q, p) = 0 =⇒ T
(M)
µ (q, p, z) = 0 , ∀ M ≥ 2 . (2.23)
Hene, Eq.(2.16a) redues to
Tµ(q, p, z) = T
(0)
µ (q, p) + T
(1)
µ (q, p) = pµ −Θµνq
ν + ∆µν z
ν , (2.24)
where we have substituted T (0)µ (q, p) in aordane with Eq.(2.4). Moreover, Eqs.(2.3) and
(2.10) allow for splitting Eq.(2.24) as follows
Tj(q, p, z) = pj − avj − a gjk z
N+k , (2.25a)
TN+j(q, p, z) = πj + azj − a
2 θjk
(
vk + 2zN+k
)
. (2.25b)
The problem of nding the BFT extension of the onstraints is over.
What remains to be done is to nd an extension for the Hamiltonian. The fat that only
T (1)µ (q, p, z) is nonvanishing simplies the set of reurrene relations arising from Eq.(2.15b).
For a generi M one nds
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[T (0)µ (q, p) , H
(M)(q, p, z)]PBΣ + [T
(1)
µ (q, p, z) , H
(M+1)(q, p, z)]PBΛ = 0 . (2.26)
We laim that (see Eq.(2.18))
Y (M)α1...αM (q, p) = 0 , (2.27)
when any of the subsripts takes values in the interval [N + 1, 2N ], together with
Y
(M)
i1...iM
(q, p) =
1
M !
∂MH(0)(q, p)
∂qi1 · · ·∂qiM
, (2.28)
solve Eq.(2.26). If true, this implies that
H(q, p, z) = H(0)(q, p) +
+∞∑
M=1
H(M)(q, p, z) ≡: H(0)(q + z, p) (2.29)
sine
H(M)(q, p, z) = Y
(M)
i1...iM
(q, p) zi1...ziM =
1
M !
∂MH(0)(q, p)
∂qi1 · · ·∂qiM
zi1 ...ziM , (2.30)
as it follows from Eqs.(2.16b), (2.18), (2.27) and (2.28). Thus, the extension of the Hamil-
tonian is obtained by translating qi −→ qi + zi. It remains to be shown that the assertions
made in this paragraph indeed hold. To that end we shall follow a two steps proedure. We
rst set µ = i in Eq.(2.26) whih, then, goes into
[T (0)i (q, p) , H
(M)(q, p, z)]PBΣ + [T
(1)
i (q, p, z) , H
(M+1)(q, p, z)]PBΛ = 0 . (2.31)
It must be kept in mind that T (0)i (q, p) as well as H
(0)(q, p) only depend on those qi's and
pi's for whih i ≤ N . In view of Eq.(2.30), the same applies for H(M)(q, p, z). Let us onsider
the problem of evaluating the rst term in the left hand side of Eq.(2.31). By bringing into
it the expliit form in Eq.(2.4) and after realling Eqs.(2.3) one arrives at
[T (0)i (q, p) , H
(M)(q, p, z)]PBΣ = −
∂H(M)(q, p, z)
∂qi
. (2.32)
The evaluation of the seond term in the left hand side of Eq.(2.31) is more involved. To
begin with one reads T (1)i (q, p, z) diretly from Eq.(2.24) and, therefore, writes
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[
T (1)i (q, p, z) , H
(M+1)(q, p, z)
]
PBΛ
= Y
(M+1)
i1...iM+1
(q, p)∆iν [z
ν , zi1 ...ziM+1 ] , (2.33)
where Eq.(2.30) has been taken into aount. The omputation of the ommutator in the
right hand side of this last equation, whih requires the repeated use of Eq.(2.13), yields
∆iν [z
ν , zi2 ...ziM+1 ]PBΛ = δ
i1
i z
i2 · · · ziM+1 + . . . + zi1 ...ziM δ
iM+1
i . (2.34)
We observe that Y
(M)
i1...iM
(q, p) is symmetri under the exhange of any pair of indies. This
greatly simplies the expression arising after the replaement of Eq.(2.34) into Eq.(2.33). It
is found to read
[
T (1)i (q, p, z) , H
(M+1)(q, p, z)
]
PBΛ
= (M + 1)Y
(M+1)
ii1...iM
(q, p) zi1 ...ziM
=
∂Y
(M)
i1...iM
(q, p)
∂qi
zi1 ...ziM = +
∂H(M)(q, p, z)
∂qi
. (2.35)
Clearly, Eqs.(2.32) and (2.35) assert the validity of Eq.(2.31). Seondly, we set µ = N + i
in Eq.(2.26) and, thus, obtain
[T (0)N+i(q, p) , H
(M)(q, p, z)]PBΣ + [T
(1)
N+i(q, p, z) , H
(M+1)(q, p, z)]PBΛ = 0 . (2.36)
Furthermore, Eqs.(2.3) and (2.4) lead to
[T (0)N+i(q, p) , H
(M)(q, p, z)]PBΣ = [πi − a
2θikv
k , H(M)(q, p, z)]PBΣ = 0 , (2.37)
sine H(M)(q, p, z) does not depend on the variables belonging to the setor N+1 ≤ µ ≤ 2N .
As for the evaluation of the seond term in the left hand side of Eq.(2.36), we invoke
Eqs.(2.24), (2.30) and (2.13) to get
[T (1)N+i(q, p, z) , H
(M+1)(q, p, z)]PBΛ = Y
M+1
i1···iM+1
(q, p)∆N+i ν
[
zν , zi1 . . . zi‘M+1
]
= Y M+1i1...iM+1(q, p)
(
δ i1N+iz
i2 · · · ziM+1 + · · · + zi1 ...ziM δ
iM+1
N+i
)
= 0 , (2.38)
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sine the indies in eah Kroneker symbol belong to non overlapping setors. Therefore,
the left hand side of Eq.(2.36) vanishes identially whih ompletes the purported proof.
To summarize, we have presented in this Setion the BFT embedding of the seond
lass theory that gives origin to nonommutative quantum mehanis. Our ndings are not
unique but, however, a dierent hoie for ωµν leads to an extension diering from ours by
a anonial transformation [18, 19, 20℄.
III. THE GAUGE INVARIANT SECTOR
Let us see what we learn from the ounting of the degrees of freedom in the seond lass
model as well as in its BFT extension. The number of dimensions of the phase spae of the
seond lass theory is d[Σ] = 4N while the number of independent phase spae variables is
4N − 2N = 2N , being 2N the number of seond lass onstraints. As for the gauge theory,
the number of dimensions of its phase spae is d[Γ] = 8N whereas the number of independent
phase spae variables is 8N − 4N = 4N , where 4N inludes the rst lass onstraints and
the gauge onditions. Therefore, it is not self-evident that both models desribe the same
physial reality. To show that this is indeed the ase we shall start by onstruting the
physial phase spae whih is the one spanned by gauge independent degrees of freedom.
We shall derive, afterwards, the PB algebra fullled by these phase spae oordinates. Also,
the onstraints and the Hamiltonian will be written in terms of gauge invariant phase spae
variables. As we shall see, through this proedure one uniquely reovers the Hamiltonian
formulation of the seond lass model.
To begin with, we reall that the generator of innitesimal gauge transformations (G) is
given by the expression [11, 25℄
G = ǫµTµ , (3.1)
where ǫµ, µ = 1, . . . , 2N , denote a set of independent innitesimal gauge parameters and Tµ
is given at Eq.(2.24). Then, under innitesimal gauge transformations the q's, p's and z's
hange, respetively, as
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δ¯qµ = [qµ, G]PBΣ = ǫ
µ , (3.2a)
δ¯pµ = [pµ, G]PBΣ = Θρµǫ
ρ =⇒

 δ¯pi = 0δ¯πi = aǫi − a2θikǫN+k , (3.2b)
δ¯zµ = [zµ, G]PBΛ = − ǫ
µ . (3.2)
Hene, the omposite objets Qµ and Pµ,
Qµ ≡ qµ + zµ , (3.3a)
Pµ ≡ pµ + z
νΘνµ =⇒

 Pi = piPN+i = πi + azi − a2θik zN+k , (3.3b)
remain invariant under gauge transformations. We onjeture that they serve for span-
ning the physial phase spae. To onrm this we rst evaluate their PB algebra. The
alulations are straightforward and yield
[Qµ , Qν ]PBΓ =
(
∆−1
)µν
, (3.4a)
[Qµ , Pν ]PBΓ = δ
µ
ν +
(
∆−1
)µα
Θαν , (3.4b)
[Pµ , Pν ]PBΓ = Θαµ
(
∆−1
)αβ
Θβν = 0 , (3.4)
whih exatly dupliates the DB algebra of the orresponding variables spanning the phase
spae of the seond lass system (see Eqs.(2.7)-(2.9)). We emphasize that the omparison is
between PB's involving gauge invariant quantities belonging to the rst lass system with
DB's involving the orresponding ounterparts in the seond lass one.
However, to establish the equivalene between the original seond lass theory and its
BFT extension demands further work. In fat, we must investigate the form assumed by
the rst lass onstraints and the Hamiltonian when written in terms of the gauge invariant
phase spae oordinates dened at Eq.(3.3). Let us rst onentrate on the onstraints. We
notie that Eqs.(2.24), (2.5) and (3.3) lead to
Tµ(q, p, z) = Pµ − Θµν Q
ν = T (0)µ (Q,P ) , (3.5)
in agreement with Eq.(2.4). As for the Hamiltonian, Eqs.(2.29) and (3.3) yield
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H(q, p, z) = H(0)(Q,P ) , (3.6)
whih ompletes the desired proof of equivalene. In fat, we have arried out a omplete
reonstrution of the Hamiltonian formulation of the dynamis of the initial seond lass
model.
One should notie that the transition from q, p, z to Q and P implies in a dimensional
redution proess and, hene, it is not a anonial transformation.
IV. FUNCTIONAL QUANTIZATION AND QUANTUM EQUIVALENCE
We shall next be onerned with the equivalene between the quantized version of the
seond lass model and that assoiated with the gauge theory arising from the BFT embed-
ding.
It follows from the speialized literature on systems with onstraints [11, 12, 13, 14℄ that
the phase spae path integral yielding the generating funtional of Green funtions (Z) is,
in the ase of the seond lass model,
Z = N
∫ [
D2Nq
] ∫ [
D2Np
] ( 2N∏
µ=1
δ
[
T (0)µ (q, p)
]) (∏
t
det ‖∆‖
) 1
2
× exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ − H(0)(q, p)
]}
= N
∫ [
D2Nq
] ∫ [
D2Np
]( 2N∏
µ=1
δ
[
T (0)µ (q, p)
])
× exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ −H(0)(qi, pi)
]}
= N
∫ [
DNq
] ∫ [
DNp
]
exp
{
i
~
∫ tf
tin
dt
[
piq˙
i + p˙iθ
ijpj −H
(0)(qi, pi)
]}
, (4.1)
where in going from the seond to the third term of the equality we took into aount that
‖∆‖ is an irrelevant onstant matrix (see Eq.(2.6)). Moreover, for arriving to the last term
of the equality we explore the fat that the lak of dependene of H(0) upon the variables
qµ, pµ, µ = N+1, . . . , 2N , allows for using the onstraints to integrate out the just mentioned
phase spae setor.
As for the gauge theory obtained through the BFT sheme one has that [11, 12, 13, 14℄
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Zχ = Nχ
∫ [
D2Nq
] ∫ [
D2Np
] ∫ [
D2Nu
] ∫ [
D2Ns
]
×
(
2N∏
µ=1
δ [Tµ(q, p, z)]
)(
2N∏
µ=1
δ [χµ(q, p, z)]
)(∏
t
det [Tµ, χ
ν ]
PBΓ
)
× exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ + sµu˙
µ −H(0)(qi + zi, pi)
]}
. (4.2)
Here, Nχ is a normalization onstant whereas χ = χ(q, p, z) denotes a set of arbitrarily
hosen gauge funtions. The question now posses itself: does the right hand side of Eq.(4.2)
falls bak into that in Eq.(4.1), for any χ? We shall illustrate the situation for two dierent
gauges.
The rst gauge to be analyzed, ommonly referred to as the unitary gauge, is speied
by the subsidiary onditions
χν = zν ≈ 0 . (4.3)
Then, Eqs.(2.24), (4.3), and (2.13) lead to
det [Tµ , χ
ν ]
PBΓ
= δ νµ =⇒
(∏
t
det [Tµ, χ
ν ]
PBΓ
)
= 1 . (4.4)
We notie that the T 's, χ's and H depend on the variables u and s only through the
ombination zµ = −1/2uµ+(∆−1)µνsν . This strongly suggests the onveniene in performing
the hange of dummy integration variables uµ → u′µ = zµ, sµ → s
′
µ = sµ. The path integrals
on s′ deouple from the rest and an be expliitly evaluated. One ends up with
Zz=0 = N
∫ [
D2Nq
] ∫ [
D2Np
] ∫ [
D2Nz
]( 2N∏
µ=1
δ [Tµ(q, p, z)]
)(
2N∏
µ=1
δ [z]
)
× exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ +
1
2
zµ∆µν z˙
ν −H(0)(qi + zi, pi)
]}
. (4.5)
The z-integration is straightforward and yields
Zz=0 = N
∫ [
D2Nq
] ∫ [
D2Np
]( 2N∏
µ=1
δ
[
T (0)µ (q, p)
])
exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ − H(0)(qi, pi)
]}
. (4.6)
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As in the ase of the seond lass system we use the onstraints to integrate out the variables
qµ, pµ, µ = N + 1, . . . , 2N , whih send us bak to Eq.(4.1), i.e.,
Zz=0 = N
∫ [
DNq
] ∫ [
DNp
]
exp
{
i
~
∫ tf
tin
dt
[
piq˙
i + p˙iθ
ijpj −H
(0)(qi, pi)
]}
. (4.7)
For our present purposes, the unitary gauge is the easiest one to deal with beause the
gauge onditions (4.3) expliitly kill the variables responsible for bringing the gauge freedom
into play. On the other hand, it is also worth mentioning that our proof of equivalene is
model independent. This is due to the fat that all that is required for obtaining the BFT
extension of the Hamiltonian is to perform the translation q −→ q + z.
Next in the sequel is the gauge
χν = qν ≈ 0 . (4.8)
By starting from Eqs.(2.24) and (4.8) we obtain again a funtional determinant that redues
to a nonvanishing irrelevant onstant, i.e.,
det [Tµ , χ
ν ]
PBΓ
= − δ νµ =⇒
(∏
t
det [Tµ, χ
ν ]
PBΓ
)
= nonvanishing onstant . (4.9)
As for the results obtained in onnetion with the integration on the variables s they remain
as before. This enables us to write Eq.(4.2) as
Zq=0 = N
∫ [
D2Nq
] ∫ [
D2Np
] ∫ [
D2Nz
]
×
(
2N∏
µ=1
δ [pµ −Θµνq
ν + ∆µν z
ν ]
)(
2N∏
µ=1
δ [q]
)
× exp
{
i
~
∫ tf
tin
dt
[
pµq˙
µ +
1
2
zµ∆µν z˙
ν −H(0)(qi + zi, pi)
]}
, (4.10)
where Eq.(2.24) has been taken into aount. The integrations on q's and p's an be arried
out at one and yield
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Zq=0 = N
∫ [
D2Nz
]
exp
{
i
~
∫ tf
tin
dt
[
1
2
zµ∆µν z˙
ν − H(0)(zi, azN+i)
]}
= N
∫ [
D2Nz
]
exp
{
i
~
∫ tf
tin
dt
[a
2
zN+iz˙
i −
a
2
ziz˙N+i
+ a2z˙N+iθ
ijzN+j − H
(0)(zi, azN+i)
]}
(4.11)
whih, after relabeling azN+i → pi, zi → qi and negleting a surfae term, goes into
Zq=0 = N
∫ [
DNq
] ∫ [
DNp
]
exp
{
i
~
∫ tf
tin
dt
[
piq˙
i + p˙iθ
ijpj − H
(0)(qi, pi
]}
(4.12)
in agreement with Eq.(4.1). Again, the proof of equivalene does not all for restritions on
the struture of the Hamiltonian.
Up to this point we have, loosely speaking, analyzed the quantum equivalene between
the seond and the rst lass theories for two kind of extreme gauges. Firstly, the gauge
onditions were hosen so as to eliminate the variables that were not present in the seond
lass model. It is then natural to expet that the gauge theory falls bak into the seond lass
one. Seondly, the gauge onditions set to zero the basi variables (q). The orresponding
anonially onjugate momenta (p) were also integrated out. Nevertheless, the variables zi
and zN+i took over, respetively, the roles of q and p allowing for the reonstrution of the
original seond lass theory.
V. OPERATOR QUANTIZATION
What omes next is the quantization of the gauge theory within the operator approah
and its relationship with the outomes obtained for the seond lass model when subjeted
to the same sheme of quantization.
The gauge theory will be quantized by using the method put forward by Dira [10℄ whih,
unlike the funtional method, does not demand for the elimination of the gauge freedom.
The main ingredients are: i) the physial states (|Ψ(t) 〉) are required to full
Tˆµ(Qˆ
µ, Pˆν , Zˆ
λ) |Ψ 〉 = 0 , (5.1)
while ii) the dynamis is ontrolled by the equation
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Hˆ(0)(Qˆi + Zˆ i, Pˆi) |Ψ(t) 〉 = i~
d |Ψ(t) 〉
dt
. (5.2)
Needless to say, Tˆµ(Qˆµ, Pˆν , Zˆλ) and Hˆ(0)(Qˆi + Zˆ i, Pˆi) are the quantum ounterparts of
Eqs. (2.24) and (2.29), respetively. We reall that, within Dira's method of quantiza-
tion, the basi operators obey an equal time algebra abstrated from the orresponding
Poisson braket algebra, i.e.,
[Aˆ, Bˆ] = i ~ [a, b]PBΓ
∣∣∣
a→ Aˆ
b→ Bˆ
, (5.3)
where a and b may either be qi, vi, pi, πi, u
µ
or sµ, while Aˆ and Bˆ may either denote Qˆ
i
,
Vˆ i, Pˆi, Πˆi, Uˆ
µ
or Sˆµ.
It is not diult to onvine oneself that the above implies that Eqs. (2.29) and (2.30)
may be ast, at the quantum level,
Hˆ(0)(Qˆi + Zˆ i, Pˆi) =
∞∑
M=0
1
M !
∂M Hˆ(0)(Qˆi, Pˆi)
∂Qˆi1 · · ·∂QˆiM
Zˆ i1 · · · Zˆ iM . (5.4)
We emphasize that any reordering in the right rand side of Eq. (5.4) would give rise to the
appearane of produts of -number antisymmetri fators i~(∆(−1))ij (see Eq.(2.13)) whih
an be disregarded in view of the symmetry of the oeient operator
∂M Hˆ(0)(Qˆi,Pˆi)
∂Qˆi1 ···∂QˆiM
.
Let us now return to Eq.(5.1). After solving for zi from Eq.(2.24) and then transferring
the result to the quantum level one nds
Zˆ i |Ψ 〉 =
(
−aθij Vˆj + 2θ
ijPˆj −
1
a
Πˆi
)
|Ψ 〉 , (5.5)
and, whene,
Zˆ i1 · · · Zˆ iM |Ψ 〉 =
(
−aθiM jM VˆjM + 2θ
iM jM PˆjM −
1
a
ΠˆiM
)
× · · ·
(
−aθi1j1 Vˆj1 + 2θ
i1j1Pˆj1 −
1
a
Πˆi1
)
|Ψ 〉 . (5.6)
By substituting Eq.(5.6) into Eq.(5.4) and the result thus obtained into Eq.(5.2) one gets
Hˆ(0)
(
Qˆi − aθijVˆj + 2θ
ijPˆj −
1
a
Πˆi, Pˆi
)
|Ψ(t) 〉 = i~
d |Ψ(t) 〉
dt
, (5.7)
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whih does not longer involves the phase spae variables Uˆ and Sˆ. We observe that the
gauge freedom has been eliminated without reourse to subsidiary onditions.
One may hek that the new variables
Qˆ′ i ≡ Qˆi − aθijVˆj + 2θ
ijPˆj −
1
a
Πˆi , (5.8a)
Pˆ ′i ≡ Pˆi , (5.8b)
obey the equal-time ommutator algebra in Eq.(1.1). Furthermore, in terms of them Eq.(5.7)
aquires the form
Hˆ(0)
(
Qˆ′ i, Pˆ ′i
)
|Ψ(t) 〉 = i~
d |Ψ(t) 〉
dt
, (5.9)
whih reprodues the time evolution of the quantized seond lass system. Again, the
equivalene beomes established.
VI. CONCLUSIONS
This work was dediated to formulate nonommutative quantum mehanis as a gauge
theory. The tool for arrying out that task was the BFT embedding proedure. The exten-
sions of the onstraints and of the Hamiltonian gives origin to an involution algebra dening
an Abelian gauge theory. We provided a detailed and rigorous proof of the onsisteny of
this formulation by demonstrating that the initial seond lass system an be uniquely re-
overed from the gauge invariant setor of the gauge theory. This onrms the equivalene
of the seond and rst lass formulations at the lassial level.
The quantization of the gauge extension within the funtional framework follows along
the standard lines. The exibility oered by the gauge hoie opens new avenues for arrying
out expliit model alulations. We arried out the quantization in two spei gauges. For
both of them it was possible to show that the phase spae funtional integral yielding the
Green funtions generating funtional maps into the orresponding one arising in onnetion
with the seond lass model. Moreover, the equivalene between the alternative desriptions
of nonommutative quantum mehanis turns out to be model independent.
The quantization of the rst lass model within the operator approah was implemented
by using the formalism put forward by Dira [10℄. Its outome naturally onvey to the
17
formulation of the quantum dynamis of the seond lass system within this sheme of
quantization.
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